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Abstract— This paper presents a representation of static and of the set of inevitable collision states. Repelling theatsh
moving obstacles, using Velocity Obstacles (VO), for on-line velocity from entering the inevitable collision states @mes
planning in dynamic environments. Each obstacle is mapped (it 5 solution exists) that the robot does not crash into any

to forbidden states by selecting a proper time horizon for the . . . . N
velocity obstacle. The proper choice of the time horizon ensures static or moving obstacle. The safe time horizon, which is

that the boundary of the mapped obstacle overlaps with the Obstacle speci c, is determined by CQmpUti_nQ the minimum
boundary of the set of inevitable collision states (ICS). This time it would take the robot to avoid collision, either by

time horizon is determined by the minimum time it would  stopping or by passing the respective obstacle. Deterginin
take the robot to avoid collision, either by stopping or by ha gafe time horizon is computationally very ef cient and i

passing the respective obstacle. This representation allows safe . . . . . .
on-line planning using only one step look ahead. The on-line does not require a prior mapping of inevitable collisiorteta

trajectories favorably compare with the trajectories obtained Ve demonstrate the approach for on-line motion planning in
by a global planner. very crowded static and dynamic environments.

I. INTRODUCTION Il. THE VELOCITY OBSTACLE

Most of the work on motion planning over the past twenty The velocity obstacle represents the set of all colliding
years has focused on static obstacles, with a few exceptionglocities of the robot with each of the neighboring obstacl
We distinguish between local and global planners. The loc&#l maps static and moving obstacles into the robot's veloc-
planner generates one, or a few steps at every time stéy, space. The velocity obstacl&/Q) of a planar circular
whereas the global planner uses a global search to thestacle,B, that is moving at a constant velocity, is a
goal over a time spanned tree. Examples of local (reactivepne in the velocity space of robd@, reduced to a point
planners are [3], [16], [8], [11], but most do not guarante®y enlarging respectively obstacB. Each point inVO
safety as they are too slow and hence their ability to lookepresents a velocity vector that originate®\afny velocity
ahead and avoid states of inevitable collision is very kit of A that penetrate¥ O is a colliding velocity that would
Recently, iterative planners [5], [7], [1], [12], [10], [L®ere result in collision betwee andB at some future time. All
developed that compute several steps at a time, subjectvglocities ofA that are outside o O are safe as long &8
the available computation time. The trajectory is generatestays on its current course. The velocity obstacle thusvallo
incrementally by exploring a search-tree and choosing théetermining if a given velocity is potentially dangerous,
best branch. These planners too do not address the issueanl suggesting possible changes to this velocity to avert
safety. collision. If B is known to move along a curved trajectory

Only a few works have addressed the safety issue ir at varying speeds, it would be best represented by the
dynamic environments, which is crucial for partial (local)nonlinear velocity obstacle (NLVO), which accounts for a
planning. One approach is to use braking policies [17]yeneral trajectory of the obstacle, while assuming a cahsta
another is to ensure local avoidance for a limited time [10)elocity of the robot. It applies to the situation where, at
However, neither considers the dynamic of the moving robotime ty, a pointA attempts to avoid an obstaclB, that is
A promising approach to safe motion planning in dynamidollowing a general known trajectorg(t), and at timetg is
environment is the consideration of "regions of inevitabldocated atc(tp). The NLV O consists of all velocities oh at
collision,” rst introduced in [9] and later extended in [6] ty that would result in collision with the obstacle at any time
[14], [4], [2]. t > to. Selecting a single velocity,, at timet = tg outside the

We address the issue of safety for an on-line local plannérLV O thus guarantees thatavoids collision at all times. It
in dynamic environments. Motion safety is guaranteed by efis constructed as a union of its temporal elemeltsy O(t),
suring that the robot's velocity does not penetrate theaislo which is the set of all absolute velocities Af v,, that would
obstacle, which is generated for a carefully selected timesult in collision at a speci ¢ timé.
horizon. This velocity obstacle is a mapping of the obstacle The velocityv, that would result in collision with poinp
to a set of forbidden states, which overlaps with the boundain B at timet > to, expressed in a frame centeredAt),
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result in collision with any point inB at timet > tg is B
obtained by replacing with the set of all points irB:
V

c(t) B
Nvoy = SO B )
t to np d,
o Vi
whereB represents the set of all points in the grown obstacle <o A S W
B, de ned relative to some center that follows the cuc(®, A
and represents the Minkowski sum. ClearNLVQ(t) is d;
a scaledB , located at a distance from that is inversely
proportional to the collision timé. The entireNLV O is the Fig. 2. Stopping and passing maneuvers

union of its temporal subsets frotg, the current time, to
some set time horizoty: _ o . .
[ ot B veloqty Vazp, @S shown in Figure 1. The relative velocity
NLvdg = =7 (3) Va= is then projected into two components, and v that

th>t>1o t 1o are parallel and normal to the line connectiAgand the

The non-linear v-obstacle is a warped cone.c{t) is Center ofB, as shown in Figure 1. _

bounded ovet = (to;¥), then the apex of this cone is at _The robot can avoid coII|S|on by elthe_r stop_pmg before
A(to). The boundaries of thBLV O represent velocities that hitting th? obsta.cle,. or by passing it on either side. To stop
would result inA grazingB. The smallest safe time horizon is the robots longitudinal velocitw, must decelerate to zero

the one that allows suf cient time to avoid or escape catlisi Pefore traversing the distana; to pass, the robot must
as discussed next. traverse the lateral distanak faster than it would traverse

the longitudinal distancd,. We select the time horizon such
I1. TIME HORIZON that when the robot's velocity rst penetrates the velocity
The time horizon plays an important role in selectingPbstacle, it still has suf cient time to avoid collision kér
feasible avoidance maneuvers. It allows considering only stoppingor by passing. To this end, we wish to determine
those maneuvers that would result in a collision within d4he minimum time required for each maneuver (stopping
speci ed time interval. Setting the time horizon too highand passing) to select the smallest safe time horizon. For
would be too prohibitive, as it would mark as dangerousimplicity, we decouple the two maneuvers, assuming that
maneuvers resulting in collision at a distant time; seteci  €ach is executed by a single control effort. The minimum
too small time horizon would permit dangerous maneuvetémes for the stopping and passing maneuvers thus depend
that are too close and at too high speeds to avoid the obstad¥ the initial velocity, distance, and the control consttan
It is essential that the proper time horizon be selected ®ach direction. The smallest safe time horizon is then the
ensure that a safe maneuver, even if temporarily pointirgmallest of the minimum times for stopping and passing.
toward the obstacle, is selected. The smallest safe time L
horizon is the one that allows suf cient time for the robotA' Stopping time
to avoid the obstacle either by stopping or by passing. It The minimum stopping time is the time it would take the
depends on the size of the obstacle, its velocity, and thiebot to decelerate to a stop from its current normal vejocit
robot's dynamic constraints. Vp, using the maximum deceleration. Assuming a constant
longitudinal decelerationy, < 0, the stopping time is

Vn.

(4)

tstop= .
n
Since theVO assumes collision at a constant speed,
v, Whereast_stop assumes a constant deceleration, udigg
as the time horizon would alert the robot too early of
a potential collision. Taking into account the deceleigtin
Vi A velocity allows us to use a shorter time horizon. To deteemin
how short, we compare the distance traveled dygp at a
constant speed and at a constant deceleration.
The distance traveled at a constant veloaityover the

Fig. 1. The robot and obstacle on a collision course stopping timetstop is:

Consider a robof and an obstaclB, each moving at some
constant velocity. The time horizon is relevant only if the
two are on a collision course, i.e. the Velodty penetrates The distance traveled at a constant decelel’al'}pflom the
the velocity obstacle oB. To determine the proper time initial velocity v, to a stop is:
horizon for this case, we rst transform the problem into 1,
the avoidance of a static obstacle by considering the velati ddec= Vntstopt éuﬂtstop: (6)

Oeonst= Vntstop (5)



Substitutingvn = Untstop into (6) yields: computation time and provides an intuitive mapping of the
1 dynamic environment. Thus, the original collision avoidan

1
dgec= Vntstop évntstop: évntstop: édconst: (7) problem turns into the velocity avoidance of the mapped
. . . Obstacles.
Since the distance traveled at a constant deceleratiorfis ha
the distance traveled at a constaptover the stopping time IV. THE PLANNER

tstop the moving robot should start decelerating when the The ef cient representation of static and moving obstacles
time to collision at a constant speed drops to half the St@ppi by velocity obstacles allows us to efciently plan safe
time (4). The smallest time horizoty for the stopping trajectories in dynamic environments. The proper choice

maneuver is therefore half the stopping titggy: of the time horizon ensures survival of the robot, i.e. not
1 Vi entering inevitable collision states (ICS). For one olstac
ts= Qtstop: 72Un: ) this guarantees convergence to the goal. For many obstacles

a solution cannot be guaranteed due to the changing nature
-~ _ _ _ _ of the environment. The computational effort is drasticall
The minimum time for passindp, is the solution to the reduced by considering only “safe” attainable states that

minimum time problem of traversing the distandg given  satisfy system dynamics and are out of the ICS.
an initial velocity vy and an unspeci ed nal velocity. The )
solution to this problem is an extremal control that eithef\- System Dynamics

B. Passing time

accelerates or decelerates, depending on the sigdsanfd For simplicity, the robot is assumed a planar point mass.
Vi This is necessary for computational reasons, and is in no way
The velocity vs developed by accelerating & overt, a limitation of this approach.
until traversingd; satis es: We consider the following point mass model:
Vi = it Wty 9) X=ugjuj 1 (14)
Vi = P+ 2ud: (10) Y= Upjupj 1 (15)
The minimum timefp, to traverse the distanak is thus the where (x;y)T 2 R? represents the robot's position in a
smallest positive solution: Cartesian coordinate frame afuh;uy)" 2 R? represents the
P robot's controls.
tp= min_t__ VT 2udh (11)
p= Ut B. Attainable Cartesian Velocities

Note that there are two such solutions, one for passing onGiven the robot's dynamics, we wish to compute the set
the right and one on the left. Obviously, the smallest of thef attainable Cartesian velocitieAGV) of the maneuvering
two is selected. robot that can be reached over a given time interzal,

Selecting the time horizon as the smallest of the two timed-3]. This set contains the avoidance maneuvers that are

) dynamically feasible from a given state. The attainable
th = minf ts; tpg (12)  cartesian velocities, ACV(t + Dt) are integrated from the

ensures that when the robot's velocity touches the boundafy/ment state(x;v) = (xy,xy) by applying all admissible

of the velocity obstacle, there remains suf cient time toigvy  CONtrolsu = (uz;uz) 2 U:

the obstacle either by stoppireg by passing. Penetrating the ACV(t+ DX) = fvjv= v(t)+ Diu;u2 Ug: (16)
velocity obstacle would leave no time for a safe avoidance

maneuver, which implies that the boundary of the velocity’ he geometric shape &CV(t+ Dt) depends on the specic
obstacle, generated for tp, represents states on the boundsystem dynamics. For a point mass model, with constant
ary of thelCS. The time horizon is computed individually for control constraints, it is a rectangle, similar in shapeh® t
each obstacle, using the relative velocity between thetrob&et of admissible controld, as shown in Figure 3.

and obstacle. C. Tree Search

C. A compact representation of velocity obstacles The planner uses a depth rst A* search over a tree

There is no need to compute the entire velocity obstacle féhat expands over time to the goal. Each node contains the
t 2 (to;tn) since generally, any collision at tinte< t, would ~current position and velocity of the robot at the current
be the result ofvy rst penetrating the temporal velocity time step. At each state, the planner computes the set of
obstacle at the time horizolNLVQ(t,): admissible velocitiesACV, which is then tessellated by a

uniform grid, as shown in Figure 3. To test the safety of the

M; (13) nodes on the grid, the temporal velocity obsta¢ley ((t,) is

th T computed. Nodes insidd LV Q(t;,), marked red in Figure 3,
Thus, each obstacle is mapped to one tempdf&®, are marked inadmissible. Nodes outhfV Q(ty) are further
NLVQ(t,), which is a set of a similar shape to the robotevaluated by computing from each the unconstrained (no
but of a different size and location. This greatly reducesbstacles) minimum time-to-go (to the goal), as discussed

NLVO(ty) =



NLVO(t)

ACV
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.

A

Fig. 3. Attainable Cartesian Velocities
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next. The node with the lowest time is then explored to the
next time step. This is repeated until reaching the goal. For °
one obstacle, this planner is guaranteed to reach the goal z
in the near minimum time. For many moving obstacles,
it may not, and a global search may be required. Using . \
only one temporaNLV Q(ty) to determine potential collisions 1 1
represents a signi cant computational gain, compared with % 0 3
the computation of the velocity obstacle fio2 (O;ty).
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Fig. 4. Avoiding a static and a moving obstacle. Obstaclesshosvn in
V. EXAMPLES blue, and their respective velocity obstacles shown inoyellThe velocity
vector is guided not to penetrate the velocity obstacles.
The on-line planner was implemented and tested for

obstacle-free, and crowded static and dynamic environsnent 5
In the rst example, shown in Figure 4, the robot, represénte at
by a point, starts near poin{0:25; 1) at zero speed,
attempting to reach the goal at pof(ftt25;2) (marked by a
red triangle) at zero speed, while avoiding two obstacles, o
static and one moving (to the right). The trajectory is shown
in six snapshots, starting from the top left, and ending at th
bottom right of Figure 4. In each snapshot, the two obstacles
are shown in blue, together with their temporal velocity
obstacles shown at the respective time horizon. Also shown
is the robot trajectory up to that point from the start, wiila t
velocity marked at the current point. Note that as the time
horizon decreases, the size of the velocity obstacle isesea
(per (13)). At rst, the robot turns left to avoid penetradin Fig. 5. Avoiding 70 static obstacles
the velocity obstacle. This turn to the left occurs before th
robot reaches the obstacle. After passing the static dbstac
on the left, it turns right, to avoid the moving obstacle. Atthe global planners in avoiding 70 static obstacles, sigrti
some point, the robot grazes the obstacle on the right, aftépm the bottom left. The local trajectory is shown in black,
which it is enclosed by the second velocity obstacle. Thighd the global trajectory in red. The two are almost idehtica
does not indicate a collision since its Ve|ocity points alds until the glObaI takes a left turn whereas the local takes a
of the velocity obstacle. At that point, the relative vetgaif  right turn before reaching the goal. The local trajectoryswa
the robot relative to the obstacle is tangent to the obstacféaveling 10% longer than the global solution.
as it should for the two to be sliding relative to each other. The last example, in Figure 7, shows four snapshots of the
After avoiding the moving obstacle, the robot turns to th&obot avoiding 70 moving obstacles. It starts from the butto
left to reach the goal. center and moves to the target at the top right. A video clip of
The second example, in Figure 5, shows the robot avoidirfbe full run is available in WWW.arieI.ac.il/me/pf/shiﬂ'eren.
70 static obstacles. The robot accelerates and slows down
through narrow passages toward the goal. Attempting to
avoid the static obstacles with a too small time horizon An ef cient mapping of obstacles to forbidden states for
resulted in the robot crashing early on into one of then-line planning in dynamic environments was presented.
obstacles. It consists of generating velocity obstacles at a carefully
The next example, in Figure 6, compares the local anselected time horizon. This time horizon is selected foheac

VI. CONCLUSIONS
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Fig. 7. Avoiding 70 moving obstacles

obstacle, static or moving, as the smallest of the minimum
stopping and minimum passing times from the current state.
Keeping the robot's velocity vector out of the velocity
obstacle ensures that the robot does not enter unsafe states
from which avoidance cannot be guaranteed. Recognizing
unsafe states using the velocity obstacles is not only safe
but also very efcient as it drastically reduces the search
tree. The approach was demonstrated in an on-line planner
that generates near time-optimal trajectories. The plawas
demonstrated for a point mass dynamic model. Other robot
models can be used with minor modi cations. It is suitable
for real time generation of high speed trajectories in cresvd
static and dynamic environments.
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